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Abstract:

The electric field lines of a charge located in a gravitational field are calculated, by using the equations given by Rohrlich (1963) for the case of homogenous gravitational field, and the equation given by Linet (1979) for the case of a Schwarzschild gravitational field.  It is found that the electric field curves.  

According to Einstein’s approach, the electric field is an independent physical entity whose behavior does not depend on that of the charge that induced it.  Due to its mass (energy) density, it is subject to gravity, it falls in the gravitational field, and the electric field lines curve due to this fall.      

In the curved electric field, a stress is created, that acts as a reaction force between the electric field and the charge, which is supported statically in the gravitational field.  This stress force acts against the free fall of the electric field, and an extra work should be performed by the gravitational source, in order to keep the fall of the electric field as a free fall.  This extra work is the source of the energy carried by the electromagnetic radiation, which is created in this case.  

Maxwell equations are used to calculate the energy flux of the falling electric field, and the roll of the radius of curvature of the electric field lines is displayed, both in the definition of the reaction force, and in determining the wavelength of the radiation created.  

1. Introduction

The calculations of the form of an electric field (EF) in a gravitational field (GF) are 

important because from the behavior of the electric field in different GF's,  we can 

deduce several important properties of electrodynamics in different situations.  

A simple case is the one in which the GF is a homogenous constant field, like the one calculated by Rohrlich [1].  The equations for the EF in this case were calculated by Rohrlich, leaning on earlier calculations of the field equations of the EF of a linearly accelerated charge, calculated  by Fulton and Rohrlich [2].  Certainly, a real homogenous GF does not exist in nature, and this concept can be used only for limited space volumes, far from any point source of gravity, as they really exist in nature. 

Potential fields of point charges in general Schwarzschild fields were calculated by 

Linet [3], who improved the method of Copson [4].  Copson   calculated the electric potential  of a point charge located in a Schwarzschild GF, where he used isotropic Schwarzschild coordinates.   Linet improved the calculations of Copson, first, by transforming them to standard Schwarzschild coordinates, and second, by adding an extra term which describes  a specific influence of the gravitational source on the electric field lines.  

Hanni and Ruffini[5] calculated the EF  of a charge located close to a gravitational 

source.  The advantage of the work of Hanni-Ruffini is that they calculated detailed 

solution for the EF of a charge located close to a the Schwarzschild radius rs , of the 

gravitational source.  Their calculations are based on developing the solution in Legender polynomials, and one has to calculate the EF by developing these solutions in  increasing powers of  l   ( l  =  the polynomial power).  

Thus, one finds that for close  locations of  the charge to the GF source, low powers of  l are needed, and the EF can be calculated accurately.  However, for larger distances of the EF source from the GF source, higher and higher powers of   l   are needed, and the calculations become unpractical. Indeed, in their first paper, Hanni-Rufini carry their calculations for chrages located at distances of few times  rs  from the GF source.  In a recent paper, Ruffini[6], who gives a broad review of this field,  mentions the work carried out by Linet.  

In the present work, we  use EF equations derived from Linet's potential, that will cover the whole space, in hope that for short distances from the GF source, they will recover Hanni-Ruffini solutions, and this recovery can be used as a test for the method used in the present work.  Expanding Linet's  solution to larger distances show what is the weight of the influence of the gravitational source on the EF at large distances.  

2. The homogenous field 

We start with a static homogenous gravitational field. 

The equations for such a field are given by Rohrlich[1].

Let us analyze first the case of a homogenous GF.  Rohrlich[1]  finds that the appropriate line element for this case is: 

 

dS2 = u2 dt2 – (c2 u'/ g) dz2 – dy2 – dx2  ,  


(1)  

where  g  is the constant homogenous gravitational acceleration,    u' = du/dz,  and 
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The field equations he arrives at are:

Er = 8e a3  r u2 /x3              




           (2) 

Ez  =   -4e a3  u u’ [a2 (1 – u2 ) + r2 ]/x3      


  
(3)  

Where  x2  = [a2 (1 – u2 )  - r2 ]2  + (2 a2 r2 )],  and  a = c2 /g    is the radius of 

curvature of the  electric field, close to the location of the charge.  

An important feature of such a configuration is the radius of curvature of the curved field lines. The expression for the radius of curvature of a field line is given by Courant [7].

From these equations one can construct the equation for the electric field lines (see [8]).  Since these equations cannot be solved analytically, the equation is integrated numerically.    In this figure the electric field lines of a static charge located in a homogenous GF are displayed.  We find that the EF lines are curved by the GF present in the space around the charge. 

The important question here is why do the EF lines curve? 

Certainly they are not  ''bent"  by the GF.  The EF lines show us how is the EF influenced by the GF.  According to Einstein's approach[9], the EF  is a physical entity which is independent of the charge that induced it.  It has mass (energy) density which is subject to the gravitational force imparted  by the GF on this mass density.  The charge itself, which is supported statically, cannot move, although it is attracted by the GF.  However, the EF is not supported with the charge, because once it is induced on space by the charge, it behaves like an independent physical entity and it falls in the GF.  This fall is expressed by the curvature of the electric field lines.  

3. The electric field in a central gravitational field

 For the field equation of a charge located in a Schwarzschild gravitational field, we use the equations given by Linet[3]. The potential  V  of an electric charge located in a Schwarzschild gravitational field at a point  r = a  is given by:  
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where  l = cos q cos qo + sin q sin qo cos (f - fo).  

In expression  (4),  q  is the charge, r   is the distance from the coordinates origin which is located at the mass that creates the Schwarzschild field, and  m  deisgnates the mass, in units of  GM/c2 . 

We work in the plane: q = qo = p/2,  fo = 0,   so   l = cos f. 

x = (r2 + a2 – 2 a r l)1/2    is the distance of the field point from the charge.  

This potential can be differentiated with respect to the coordinates (r, f), thus obtaining the components of the electric field.     From these components, one can obtain the equation for the field lines as a function of the coordinates, and by using numerical integration one can plot the field lines of the electric field located at certain locations in space.  The equation for the field lines as given by Hanni-Ruffini [5] is:
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(6)

We start the numerical integration from the charge in a certain direction, and using 

eq. 6 we proceed, where at each integration step we calculate the derivatives of  V  with respect to  r and   f.  

At each step the integration of eq. 6  is carried by using the predictor-corrector method [10], which is the least expensive integration method that yields very accurate results. 

In order to compare results with those of Hanni-Ruffini we began with a charge located at a distance of  2 rs   from the mass center (rs =   Schwarzschild radius).  The lines of force reach the event horizon (as pointed out in [5])  and follow it up to a certain angle  f  at which they leave the event horizon. 

 Inspection of eq. 6 gives the mathematical explanation for this behavior of the field lines: We observe that at the event horizon (r = rs  = 2 m),  dr/df = 0.  The distance from the central mass remains constant, and the line of force follows the surface of the black hole, until it reaches a point at which  also  dV/df = 0. At this point the line of force leaves the black hole surface.  At the critical angle (the third line from the center in Fig. 3) the line of force just grazes rs , and for larger angles the lines do not touch  rs .  However, all lines of force are influenced by the presence of the central mass.     

When the charge is located at distances greater than  20 rs from the central mass, most of the field lines are hardly influenced by the presence of the mass, except from those that pass very close to the black hole surface. 

These calculations can be used to analyze possible effects of gravity on charges moving close to the surface of black holes, like the calculations carried by Bekenstein [11]. 

4.  The dynamics of the electric field 

Why do the electric field lines curve?  

Certainly, the lines are not  ''bent'' by the gravitational field.  The curving of the field lines can be understood if we consider the way in which the field is created.  We calculate the electric field of a charge using the retarded potentials method.  According to this method, the field at a certain point, is created by the charge, from its location at an earlier time, when the field has ``left” the charge. When the charge is static, its location is constant, and the electric field expands with radial symmetry around the location of the charge.  However, when the charge is moving, this radial symmetry is lost, because the field at a point  x,  at time  t,  is created by the charge when it was located at a point   x',  at time  t',  where the relation between these coordinates is:  x' - x  = c(t' – t ).  The field at point x, at time  t, “knows” nothing about the charge at time  t – not its location, nor its velocity.  The direction of the field lines is determined by the ratio between the velocity of the charge, and the expansion velocity of the field  ( c ).

For a charge moving with a constant velocity, the ratio between the charge velocity and the velocity of the expansion of the field  ( c ),  is constant.  Hence, the field lines are straight lines, but they have lost their radial symmetry (see Fig. 3).  With a higher velocity of the charge, the field lines become denser towards the plane perpendicular to the charge motion.  However, when the charge accelerates, its velocity is not constant.  The ratio between its velocity and the expansion velocity of the field is changing continuously, and the field lines curve.   

5. Maxwell equations

A basic demand on any electrical  phenomenon  is that it should satisfy Maxwell equations. For the case of an accelerated charge, this demand is satisfied  automatically, where all the physical phenomena involved, including the creation of radiation by the accelerated charge can be derived directly from Maxwell equations.   For the case of a charge supported statically in a gravitational field, the role of Maxwell equations is not clear at a first glance.  The charge is static and it certainly does not create any dynamical effect.  (This fact drives the instinctive conclusion that in this situation no radiation is created).   

We should consider the fall of the electric field in the gravitational field and derive the dynamical effects of this fall.  We adopt Einstein's approach, that a field is an independent physical entity, that  should be treated as such [9].   (This  approach is also supported by Landau and Lifshitz). According to this approach, a field, once induced on space by a source, does not depend any more on the source.  The behaviour of the source does not influence the field, and it behaves according to the physics laws that describe its nature.  The field expands with a constant velocity (c  in vacuum), and it is influenced by the physical situation in the space in which it is located.  A field has a mass (energy)  density, and it is subject to gravity like any other mass.  

The  idea that an electric field is an independent physical entity and should be treated accordingly, is not accepted intuitively by all members of the physics community.  A charge supported statically in a GF remains static.  However, the electric field of the charge is not supported, and it falls in the GF.  The field is continuously induced (radially) by the charge, but due to its fall in the GF, it curves.  This is a dynamical process whose effects should   be studied accordingly.

In order to calculate the dynamical effect, we use Maxwell equation:  

and the vector identity:
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The electric field falls in the gravitational field, and hence   dE/dt   does not vanish.  

More conveniently, we can write:  
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  =  E2/8p      represents the energy density of the electric field.  This energy density is subject to gravity, and it falls in the gravitational field. We want to find out if an extra work is performed, that can give rise to additional effects? 

The electric field of the charge is curved.   In a curved field, a stress force exists, that can give rise to additional effects. The expression for the stress force,  fs   , in a curved electric field,  is given by:     fs = E2 /4 p Rc ,    where  Rc    is the radius of curvature of the field lines.  It is quite difficult to calculate the expression for the stress force in a curved space.  However, a good approximation for the radius of curvature close to the charge is:  Rc = c2 /(g sin q),  
where  g   is the gravitational field,  and  q  is the angle between the field line and the direction of  g . 

The stress force acts between the charge and its field.  The charge is static, thus the force acting between the charge and the field, is  “acting”  on the field, “trying” to brake its free fall in the gravitational field.    From the curvature of the electric field we learn, that it does fall in a free fall.  This fact shows that an extra work is performed on it, in order to keep it free falling. This extra work  gives rise to the creation of an electromagnetic radiation, in a way similar to that of the creation of an electromagnetic radiation by an accelerated charge  (see [12]).  This work is performed by the gravitational source of the system, and it is the source of the energy carried by the radiation.   

 Using an approximate value for the electric field close to the charge, we can calculate the work performed against the stress force by the gravitational source, and the power created by this work.  It comes out that the power   P created by this work is: 

P = 2 q2 g2 / 3 c3   .  





(11)

This expression is similar to Larmor expression for the power radiated by an accelerated 

charge (where  g  replaces the acceleration  a). 

The source of the energy carried by the radiation is the work performed on the falling field by the gravitational source, in keeping it free falling, and it comes from the energy of the gravitational source, which becomes lower.  

The characteristic radius of curvature in this case is:  Rc = c2 / g .

For the wavelength, we use similar considerations as those used for the accelerated charge, giving:  


l = 2 p Rc  = 2 p c2 /g .

Using the values for  g ,  and for  rs  (Schwarzschild radius) : 



g = G m /r2 
;
rs  = 2 G m/c2 

we find: 
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(12)

This means that even if the charge is located on the Schwarzschild radius, the characteristic wavelength is larger than the circumference of the black hole.  If the charge is located further from the black hole, the wavelength will be much greater than the black hole.  

This is in a good agreement with the definition of the radiation zone, as given by Jackson [13] –  where the wavelength is larger than the system that creates the radiation,  and the radiation zone is defined at distances from the source, which are larger than the wavelength.  

The gravitational field is performing here an extra work -  it works against the braking force, keeping the falling field  in a free fall.  

Thus, the energy  carried by the radiation, is created by the gravitational field, whose energy becomes lower.  

5. summary

We find that in the seemingly static case of a charge supported statically in a gravitational field, there exists a dynamical process which is  the fall of the electric field in the gravitational field.  This fall is actually an energy flow.  While falling, the electric field curves.  The stress force created in this curved field, interacts with the static charge, working against the free fall of the electric field.  

However, the curvature of the electric field lines shows us that the electric field DOES fall in a free fall.  Namely, a work is performed on the electric field, keeping it free falling, in spite of the stress force that tries to brake it. This work is performed by the gravitational source, and this extra work is the source of the energy carried by the radiation.    Namely, the energy carried by the radiation is created by the extra work  

performed by the gravitational source, at the expence of the gravitational energy of the system.    Thus, a system consisted of a charge supported statically in a gravitational field does radiate.  The source of the energy carried by the radiation is the gravitational energy of the system which becomes lower.
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