Relativistic dynamics in first-order logic

Abstract of a paper for the 2007 PIRT conference, Budapest

Judit X. Madarász

Rényi Institute of Mathematics Budapest

madarasz@renyi.hu
This is a joint work with Hajnal Andréka, István Németi, and Gergely Székely.
The idea of elaborating the foundational analysis of the logical structure of spacetime theory and relativity theories (foundation of relativity) in a spirit analogous with the rather successful foundation of mathematics was initiated by several authors including David Hilbert [Hi02],  cf. also Hilbert's 6th problem [Hi00], Patrick Suppes [Sup59], Alfred Tarski [HTS] and leading contemporary logician Harvey Friedman [FriFOM1],[FriFOM2].

There are several reasons for seeking an axiomatic foundation of a physical theory [Sup68]. One is that the theory may be better understood by providing a basis of explicit postulates for the theory. Another reason is that if we have an axiom system we can ask ourselves which axioms are responsible for which theorems. For more on this kind of foundational thinking called reverse mathematics, see for example, Friedman [FriFOM1] and Simpson [S]. Furthermore, if we have an axiom system for special relativity or general relativity, we can ask what happens with the theory if we change one or more of the axioms. This could lead us to a new physically interesting theory. This is what happened with Euclid's axiom system for geometry when Bolyai and Lobachevsky altered the axiom of parallelism and discovered hyperbolic geometry.

In the above sirit, in earlier work the “Relativity and logic” group of Rényi Mathematical Institute in Budapest built up relativity theories (SR and GR) purely in the framework of (many-sorted) first-order logic (FOL). This foundation of relativity is elaborated in strict parallel with the success story of the foundation of mathematics (FOM), cf. also [LPoM]. Why do we so fiercely insist on staying inside FOL as a framework?

For certain reasons, the foundation of mathematics has been carried through strictly within the framework of first-order logic. One of these reasons is that staying inside FOL helps us to avoid tacit assumptions. Another reason is that FOL has a complete inference system while higher-order logic cannot have one by Gödel's incompleteness theorem, see for example, [V, p.505]. For more motivation for staying inside FOL as opposed to higher-order logic, see for example,  [AMN06], [AMN02, Appendix 1: “Why exactly FOL'”], [Ax], [F], [P], [W]. The same reasons motivate the effort of keeping the foundation of spacetime and relativity theory inside FOL.

The quoted FOL-based axiomatizations (and conceptual analyses) of relativity concentrated on the spacetime aspects of SR and GR. In the present talk we show how those axiomatizations extend to cover relativistic dynamics including Einstein’s famous E=mc2. We try to keep our axioms few, simple, convincing, transparent and easy to comprehend even for an outsider, someone not familiar with the basic concepts of physics. We try to keep our axioms as simple as they were in our earlier work, we try to keep them visualizable and purely geometrical. Among other things, we present a purely geometrical proof for the theorem that relates the relativistic mass of a moving particle to its rest mass. The usual approach in standard relativity texts goes by assuming as new axioms the preservation of relativistic mass and preservation of momenta, cf d’Inverno [D, p.43-36] and Rindler [R, pp.108-112]. Here we show that such strong assumptions are not needed. We base our theory on more basic and more geometrical axioms. Being more basic and geometrical, these axioms are also more elementary and more self-evident. From these elementary axioms we derive the usual preservation statements as theorems.

Cf. also the abstracts of Hajnal Andréka and Christian Wüthrich, István Németi, and Gergely Székely. 
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